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Stochastic Landau–Lifshitz–Gilbert (SLLG)

Find random magnetization M : Ω× [0, T ]×D → R3 such that

dM = [M ×Heff(M)−M × (M ×Heff(M))] dt+ [M × g] ◦ dW

Example: Heff(M) = ∆M + (0, 0,−1)
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Reducing SLLG to a Parametric LLG Equation

SLLG: Find M = M(ω, t,x) : Ω× [0, T ]×D → R3

dM = [M ×∆M −M × (M ×∆M)] dt+ [M × g] ◦ dW

1. Doss-Sussmann transform

m(ω, t,x) = e−W (ω,t)(·×g)M(ω, t,x)

2. Lévy-Ciesielski construction

W ( y , t) =
∑
n∈N

yn ηn(t) y ∈ Γ : parameter space in RN

Parametric LLG: Find m = m( y , t,x) : Γ × [0, T ]×D → R3

∂tm = m×∆m−m× (m×∆m) + F (W ( y ),m)

Goldys, Le, Tran 2016, J. Diff. Eq.
Andrea Scaglioni 2



Reduced Order Modelling:
POD – Tangent Plane Scheme (POD–TPS)



POD–TPS Algorithm
Proper Orthogonal Decomposition–Tangent Plane Scheme

m : Γ→ L2(0, T,H1(D)3)

Algorithm 1 Offline Phase (Nt, Nt, h, m0)
1: for i = 1, . . . , Nt do
2: Sample yi ∈ Γ
3: v1(yi), . . . ,v

Nt(yi) ← FEM+time stepping(Nt, h, m0, yi) ▷ vj(yi) ∈ RNh

4: end for
5: Assemble S =

[
v1(y1)| . . . |vNt(yNt

)
]

▷ S ∈ RNh×(NtNt)

6: U ,Σ, V ← SVD(S) ▷ S = UΣV T

7: return Σ , U

• Columns of U : Reduced Basis
• Nonzero diagonal of Σ : Singular values
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Academic example: A perturbed relaxation problem

Mesh m0 A sample of m at t = 1

T = 1, Nt = 103 + 1 time steps, h = 1/8 mesh size, y ∈ Γ = R
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Example Offline Phase
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Tangent Plane Scheme (TPS) Algorithm [AFKL’21]

• V = [V ]3 space of magnetization’s velocities: D → R3

• Tangent Plane to m: K(m) =
{
v ∈ V :

∫
D(m · v)ϕ = 0 ∀ϕ ∈ V

}
Algorithm 2 Online Phase: TPS(Nt, m0, λ, y)

for For j = 0, 1, ..., Nt − 1 do ▷ τ = 1
Nt−1

Find vj ∈ K(mj) such that in K(mj)′ ▷ Saddle point pb.

λvj +mj × vj −∆
(
mj + τvj

)
= F (W (y, jτ),mj)

mj+1 = mj+τvj

|mj+τvj |2
end for
return mj ,vj for j = 0, . . . , Nt ▷ mj ≈ m(y, tj), vj ≈ ∂tm(y, tj)

• FEM-TPS: V = FEM Space • POD-TPS : V = span(Velocities Reduced Basis)

Akrivis, Feischl, Kovács, and Lubich 2021, Math. Comp.
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Example: Convergence under Reduced bases enlargement
• OG-1x (#RBλ = #RBv) • OG-3x (#RBv = 3#RBλ) • Supremizer stabilized [GV’12]
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Gerner and Veroy 2012, SIAM J. Sci. Comput.
Andrea Scaglioni 7



Example: Convergence under online τ -refinement
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Example: Convergence under offline h-refinement

10−2 10−1

10−2

10−1

h

Mesh size h

Error

10−2 10−1

10−3

10−2

10−1

h1.7

h

Mesh size h

Inf-sup constant

HF
SS-OG-3x

OG-3x

Andrea Scaglioni 9



Robustness with respect to parametric dimension
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Sparse grid Interpolation



Sparse Grid Interpolation of m : Γ→M

I27[u]
y1 y2 y3 y4 y5 y6 y7

1D interpolant Iν , ν ∈ N0
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Λ ⊂ Ns
0

ν1

ν2

HΛ ⊂ Γ = Rs

y1

y2

IΛm(y) =
∑
ν∈Λ

(
s⊗

n=1

Iνn − Iνn−1

)
m(y) =

∑
z∈HΛ

m(z)Lz(y)

How to choose Λ ∈ Ns
0 (s≫ 1)?
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Parameter-to-magnetization map regularity

m : y
Levy-Ciesielski−−−−−−−−→W (y)

LLG−1

−−−−−−−→m(y)

Parameter-to-magnetization map regularity [ADFST’25]

∃ (ρn)n∈N ⊂ R+ such that m : Γ→M admits a holomorphic, bounded extension on

Γ ⊂
{
(zn)n∈N ∈ CN : |Im{zn}| < ρn

}
⊂ CN

An, Dick, Feischl, S, and Tran 2025, JUQ.
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Holomorphic Extension Radii (ρn)n∈N for SLLG
Hölder space 0 < α ≤ 1 Lebesgue space q > 1

W (y, ·) ∈ Cα([0, T ]) W (y, ·) ∈ Lq(0, T )

Slow growth ρn ≈ 2
(1−α)

2
⌈log2(n)⌉ Fast growth ρn ≈

{
2

3
2
⌈log2(n)⌉ if νn = 1

2
1
2
⌈log2(n)⌉ if νn > 1
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Convergence of Sparse Grid Interpolation

Sparse grid interpolation convergence [BG‘04] [NTT‘16]

There exists τ > 0, Cτ <∞ such that

∥u− IΛu∥L2
µ(Rs) ≤ Cτ #H−τ

Λ

Hölder 0 < α < 1 Lebesgue q > 1

τ 1
2

1
2

Cτ ≈ e
√
s s-independent

Bungartz and Griebel 2004, Acta Numer.
Nobile, Tamellini, and Tempone 2016, Numer. Math.
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Challenging example: Perturbed switching dynamics
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POD-TPS and SG-RBP on perturbed switching
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Thanks for Listening!
Fernando Henriquez, Michael Feischl, AS (2025+).
Reduced Order Modelling of the Stochastic Landau–Lifshitz–Gilbert equation. In preparation.

Xin An, Josef Dick, Michael Feischl, AS, and Thanh Tran (2025).
Sparse grid approximation of nonlinear SPDEs: The Landau–Lifshitz–Gilbert equation.
In: JUQ 13 (2), pp. 472-517, DOI: 10.1137/24M1646054.

stochllg: FEM for Stochastic LLG (Python) https://github.com/andreascaglioni/rom-sllg.

POD-TPS: Reduced basis for Stochastic LLG (Python, in preparation)
https://github.com/andreascaglioni/stochllg.

SGMethods: Sparse Grids Interpolation (Python).
https://github.com/andreascaglioni/SGMethods.
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