
École polytechnique fédérale de Lausanne

Semester Project

Master in Computational Science and Engineering

Optimization of the rate of
convergence of diffusions

Author :

Andrea Scaglioni

Supervisors :

Dr. Sebastian Krumscheid

Prof. Fabio Nobile



Contents

1 Introduction 2

2 Setting 2
2.1 Reversible dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2.1.1 Spectral properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.1.2 Convergence to a stationary state . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Non-reversible dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.1 Perturbed dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Maximizing the rate of convergence 9
3.1 An example with the quadratic potential . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Numerical solution of stationary Fokker-Planck problem 10

5 Numerical eigenvalue problems 13

6 Numerical experiments 14
6.1 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

6.1.1 Stationary Fokker-Planck problem . . . . . . . . . . . . . . . . . . . . . . . . . 14
6.1.2 Eigenvalue problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
6.1.3 Unsteady Fokker-Planck problem . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
6.2.1 Stationary Fokker-Planck problem . . . . . . . . . . . . . . . . . . . . . . . . . 15
6.2.2 Eigenvalue problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
6.2.3 Unsteady Fokker-Planck problem . . . . . . . . . . . . . . . . . . . . . . . . . . 19

7 Conclusions 19

8 Outlook 21

1



1 Introduction

The rate of convergence to a stationary state of diffusion processes is a critical parameter in several
contexts ranging from statistical physics (see [1]) to statistics. An example from statistics is given
by the Markov Chain Monte Carlo algorithm, in which the rate of convergence to equilibrium of a
Markov chain is the most relevant index of performance of the method. With this example in mind, it
is natural to ask whether it is possible to accelerate (increase the rate of convergence) of the diffusion
process while preserving the same invariant distribution.

In the present report we study this problem in the case of low-dimensional diffusion processes and
propose a possible solution based on the maximization of the spectral of an appropriate differential
operator. This approach is discussed and numerical experiments are presented as a verification.

The following is an outline of this document: in section 2 we present some aspects of the theory
of diffusion processes, in particular we link them to the (backward) Kolmogorov operator and the
Fokker-Planck operator, discuss some of their spectral gap properties and highlight result concerning
the rate of convergence to a stationary state. In section 3 we discuss how the rate of convergence can
be increased my introducing a suitable perturbation in the dynamics. An example in which the family
of optimal perturbations can be determined analytically is presented as well. In section 4 we present
the problem of approximating numerically the solution of the stationary Fokker-Planck equation with
finite elements. In section 5 we give a general outline of the generalized eigenvalue problem that is
required to be solved to determine the spectral gap of the above mentioned differential operators as
well as their numericals approximation. In section 6 we present numerical experiments with the aim
of verifying the facts discussed in the previous sections in the case of three test problems. Finally,
in sections 7 and 8 we present the conclusions and some possible further development of the present
project.

2 Setting

In the present section the general setting of the problem is introduced. The presentation is mainly
based on [2], [3] and [6].

2.1 Reversible dynamics

Consider the ”gradient dynamics”:

dXt = −∇V (Xt)dt+
√

2dWt (1)

in which the drift term is given by the gradient of a smooth function V : Ω ⊂ Rd → R such that:

lim
|x|→∞

V (x) =∞ and e−V (x) ∈ L1(Ω). (2)

Functions that satisfy (2) are colled confining. Some examples of confining potentials (the first from
[3], the others from [7]) with Ω = R2 and x = (x, y) ∈ R2 are:

• Quadratic potential: V (x) := 1
2x

TSx (S ∈ R2×2 symmetric positive definite);

• Two-wells potential: V (x) := 1
4(x2 − 1)2 + 1

2y
2;

• Three-wells potential:

V (x) := 3e−x
2−(y− 1

3)
2

− 3e−x
2−(y− 5

3)
2

− 5e−(x−1)2−y2 − 5e−(x+1)2−y2 +
1

5
x4 +

1

5

(
y − 1

3

)4

.

Plots of these potential can be seen in figure 1.

For a general, suitable potential V , the generator of the stochastic process Xt, i.e. the (Backward)
Kolmogorov operator is

L(ψ) := −∇V · ∇ψ + ∆ψ (3)
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(c) three-wells potential

Figure 1: Some example potentials V and the corresponding PDF 1
Z e
−V where Z is the normalization

constant.

and its L2(Rd)-adjoint is the Fokker-Planck (Forward Kolmogorov) operator:

L∗(ψ) :=∇ · (∇V ψ +∇ψ)

= ∇V · ∇ψ + ∆V ψ + ∆ψ
(4)

written in conservative and non-conservative form respectively ([2, chapter 4.1 ]).
Indeed, fixed u, v ∈ H1(Rd)

〈Lu, v〉L2(Rd) =

∫
Rd

(−∇V · ∇u+ ∆u) vdx

(integration by parts 2 times) =

∫
Rd

(−∇V · ∇uv + ∆vu) dx

(integration by parts) =

∫
Rd

(∇ · (∇V v)u+ ∆vu) dx

=

∫
Rd

∇ · (∇V v +∇v)udx

= 〈u, L∗v〉L2(Rd).

Let the solution of (1) have a PDF ψ(·, t) for all t > 0, (therefore ψ(·, t) ∈ L1(Rd), ψ(·, t) ≥ 0 and∫
Rd ψ(x, t)dx = 1 ∀t > 0). Then, ψ satisfies the Fokker-Planck (Forward Kolmogorov) equation:{

∂ψ
∂t = L∗(ψ) on Rd

ψ(0) = ψ0

(5)

where the initial condition ψ0 is also a PDF.
In case the stochastic differential equation (1) is defined on Ω, an open bounded subset of Rd, analogous
definitions of Komogorov and Fokerr-Plank operators can be given, however the Fokker-Plank problem
(5) needs to be additionally equipped with boundary conditions (see [2, chapter 4.1]).
The stationary solution of (5), ψ∞, is (by direct substitution, and remembering it must be a PDF)

ψ∞ =
e−V∫
Ω e
−V dx.

Where the integral is defined since the potential V is assumed to be confining (2).

Observe that by re-defining Ṽ (x) := V (x) + log
(∫

Rd e
−V dx

)
one simply has ψ∞ = e−Ṽ . Therefore,

without loss of generality, from now on we will identify ψ∞ and e−V .
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2.1.1 Spectral properties

It may be useful to study the spectral properties of L (as well as those of its L2-adjoint L∗).
The following lemma will be used in the next proposition, which lists some spectral properties of the
two operators.

Lemma 1. Let T1 : H1 → H1, T2 : H2 → H2 be self-adjoint linear operators onH1, H2 respectively
with a discrete spectrum. Let moreover T1, T2 be unitarily equivalent through the (unitary) operator
U : H1 → H2 ( i.e. T1 = U−1T2U). Then, T1 and T2 have the same eigenvalues.

A proof can be found in [4]

Proposition 1. The following properties on the spectrum of L and L∗ hold:

1. L is self-adjoint in L2(Rd, ψ∞);

2. L∗ is self-adjoint in L2(Rd, ψ−1
∞ );

3. λ ∈ R is an eigenvalue of L iff λ is an eigenvalue of L∗

Proof.

1. Fix u, v ∈ L2(ψ∞).

〈Lu, v〉L2(ψ∞) =

∫
Rd

(−∇V · ∇u+ ∆u) ve−V dx

=

∫
Rd

(
−∇V · ∇uve−V + ∆uve−V

)
dx

(integration by parts) = −
∫
Rd

∇V · ∇uve−V dx−
∫
Rd

∇u∇(ve−V )dx

= −
∫
Rd

∇V · ∇uve−V dx−
∫
Rd

∇u∇ve−V dx+

∫
Rd

∇u · ∇V e−V vdx

= −
∫
Rd

∇u∇ve−V dx

which is symmetric in u and v.

2. Fix u, v ∈ L2(ψ−1
∞ ).

〈L∗u, v〉L2(ψ−1
∞ ) =

∫
Rd

∇ · (∇V u+∇u) veV dx

(integration by parts) = −
∫
Rd

(∇V u+∇u) · ∇
(
veV

)
dx

= −
∫
Rd

(
(∇V u+∇u) eV

)
· ∇
(
veV

)
e−V dx.

Finally, since ∇(ueV ) = ∇ueV + ueV∇V = (∇V u+∇u) eV ,

〈L∗u, v〉L2(ψ−1
∞ ) = −

∫
Rd

∇
(
ueV

)
∇
(
veV

)
e−V dx

which is symmetric in u and v.

3. Due to lemma 1 it is sufficient to prove that L and L∗ are unitarily equivalent. We choose
U : L2(Rd, e−V )→ L2(Rd, eV ) such that U(f) := fe−V (remember V is confining as in (2)). Let
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then v ∈ L2(Rd, e−V ).

U
(
L
(
U−1(v)

))
= e−V L(veV )

= e−V
(
−∇V · ∇(veV ) + ∆(veV )

)
= e−V

(
−∇V · ∇(veV ) +∇ ·∇(veV )

)
= e−V

(
−∇V · ∇(veV ) +∇ ·

(
∇veV + veV∇V

))
= e−V

(
−∇V · ∇(veV ) +∇ ·

(
∇veV

)
+∇(veV ) · ∇V + ∆V veV

)
= e−V

(
∇ ·

(
∇veV

)
+ ∆V veV

)
= e−V∇ ·

(
∇veV

)
+ e−V ∆V veV

(integration by parts) =∇ · (∇v)−∇
(
e−V

)
· ∇veV + ∆V v

= ∆v + e−V∇V · ∇veV + ∆V v

= ∆v +∇V · ∇v + ∆V v.

A connection between the properties of the stochastic differential equation (1) and the spectral
properties of Kolmogorov (resp. Fokker-Planck) operator is the concept of reversibility :

Definition 1. A stochastic process Xt with invariant distribution ρs is called reversible if ∀ T >
0, ∀t < T , Xt and XT−t have the same distribution assigned initial condition X0 ∼ ρs.

Proposition 2. A stationary diffusion process Xt in Rd with generator L and invariant measure ψ∞
is reversible if and only it L is self-adjoint in L2(Rd, ψ∞)

A proof can be found in [2, theorem 4.5]. Therefore, the stochastic process defined by (1) is
reversible due to (1) of proposition 1.

Proposition 1 allows to characterize the kernel of the Fokker-Planck and Kolmogorov operators
in the L2 spaces in which they are self-adjoint. Let us first study the kernel of the Fokker-Planck
operator (as in [1]). It was proved in Proposition 1 that L∗ is self-adjoint in L2(Rd, ψ−1

∞ ), where ψ∞
is the invariant distribution of (1). More precisely, it was proved that:

∀u, v ∈ L2(Rd, ψ−1
∞ ) 〈L∗u, v〉L2(ψ−1

∞ ) = −〈∇(uψ−1
∞ ),∇(vψ−1

∞ )〉L2(ψ∞). (6)

Therefore, choosing u = v
〈L∗u, u〉L2(ψ−1

∞ ) = −‖∇(uψ−1
∞ )‖L2(ψ∞). (7)

Thus, if u ∈ ker(L∗) then ‖∇(uψ−1
∞ )‖L2(ψ−1

∞ ) = 0 or equivalently ∇(uψ−1
∞ ) = 0 a. e., which implies

that, assuming that ψ∞ and u are continuous, it exists a constant C ∈ R such that

u = Cψ∞.

Finally, the kernel of L∗ in L2(Rd, ψ−1
∞ ) is

ker(L∗) = {Cψ∞ : C ∈ R} . (8)

Proceeding analogously with the Kolmogorov operator (3) on L2(Rd, ψ∞) one finds that its kernel is
made of constants:

ker(L) = R.
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2.1.2 Convergence to a stationary state

In this section we prove that the convergence to equilibrium of the dynamics (1) is exponentially fast
given any initial condition X0 ∼ ψ0. An important ingredient for this proof is the Poincaré inequality.

Definition 2 (Poincaré inequality). Let V ∈ C2(Rd), ρ = 1
Z e
−V where Z :=

∫
Rd e

−V dx. ρ (or, more
simply, V ) is said to satisfy the Poincaré inequality with constant λ > 0 if:
∀φ ∈ C1(Rd) ∩ L2(Rd, ρ) :

∫
Rd φρdx = 0

λ‖φ‖L2(ρ) ≤ ‖∇φ‖L2(ρ).

Theorem 1 (Sufficient condition for Poincaré inequality). If

lim
|x|→+∞

1

2
|∇V (x)|2 −∆V (x) = +∞ (9)

then the Poincaré inequality holds.

A proof can be found in [5]. The following estimate on the rate of convergence to the stationary
solution holds:

Proposition 3. If the potential V satisfies the Poincaré inequality with constant λ, then the solution
of the Fokker-Planck problem (5) ψt converges to its stationary distribution ψ∞ = e−V at exponential
rate:

‖ψ(t)− ψ∞‖L2(ψ−1
∞ ) ≤ Ce

−λt‖ψ0 − ψ∞‖L2(ψ−1
∞ ) ∀t > 0 (10)

where C > 0 is a constant.

Proof.

d

dt
‖ψt − ψ∞‖L2(ψ−1

∞ ) =

∫
Rd

∂

∂t
(ψt − ψ∞)2ψ−1

∞ dx

=

∫
Rd

2(ψt − ψ∞)
∂

∂t
(ψt − ψ∞)ψ−1

∞ dx(
∂ψ∞
∂t

= 0

)
=

∫
Rd

2(ψt − ψ∞)
∂ψt
∂t

ψ−1
∞ dx

(ψt solves (5)) =

∫
Rd

2(ψt − ψ∞)∇ · (∇V ψt −∇ψt)ψ−1
∞ dx

(use (6)) = −2

∫
Rd

∇
(
ψtψ

−1
∞
)
∇
(
(ψt − ψ∞)ψ−1

∞ )
)
ψ∞dx

= −2

∫
Rd

∇
(
ψtψ

−1
∞
)
· ∇
(
ψtψ

−1
∞ )
)
ψ∞dx

= −2

∫
Rd

|∇
(
ψtψ

−1
∞
)
|2ψ∞dx

(Poincaré inequality) ≤ −2λ

∫
Rd

(
ψtψ

−1
∞ − 1

)2
ψ∞dx

= −2λ

∫
Rd

(ψt − ψ∞)2ψ−1
∞ dx

≤ −λ‖ψt − ψ∞‖2L2(ψ−1
∞ )
.

Finally, applying Gronwall’s lemma, we obtain (10).

Remark 1. In Proposition 1 we proved that 〈Lu, u〉L2(ψ∞) = −‖∇u‖2L2(ψ∞). Due to this fact the
Poincaré inequality can be re-written as:

∃λ > 0 : ∀u ∈ L2(Rd, ψ∞) λ ≤
〈−Lu, u〉L2(ψ∞)

‖u‖2
L2(ψ∞)

6



i.e. the Kolmogorov operator has a spectral gap:

0 ≤ λ ≤ inf
u∈L2(Rd,ψ∞), u6=0

〈−Lu, u〉L2(ψ∞)

‖u‖2
L2(ψ∞)

.

The spectral gap of L is therefore a bound from below of the optimal constant appearing in proposition
3.

2.2 Non-reversible dynamics

We can consider the family of SDEs:

dXt = b(Xt)dt+
√

2dWt (11)

where b : Ω ⊂ Rd → Rd. For example, the SDE (1) is obtained choosing b = −∇V .
For a general drift b the generator (backward Kolmogorov operator) of (11) is

L(ψ) := b · ∇ψ + ∆ψ (12)

and its Fokker-Planck operator (as before the L2(Rd)-adjoint of (12)) is

L∗(ψ) :=∇ · (−bψ +∇ψ). (13)

We assume that the dynamics (11) has a unique stationary distribution, that is the solution of the
Fokker-Planck equation:

L∗(ψ) = 0 on Rd

where L∗ is the Fokker-Plank operator:

L∗(ψ) =∇ · (J(ψ)) where J(ψ) := −bψ +∇ψ (14)

J(·) is called the probability flux.
Observe that in this general case the invariant distribution ρs cannot be expressed as a function of
the drift b in a simple way.
A sufficient condition for ψ to solve L∗(ψ) = 0 is that J(ψ) = 0. Because of the importance of this
condition, we give the following definition:

Definition 3. We say that ψ satisfies the detailed balance condition if

J(ψ) = 0. (15)

One can ask under which conditions on b the solution of (11) is a reversible diffusion. Due to
Proposition 2 it is sufficient to find for which drifts b the Kolmogorov operator (11) L is self-adjoint.

Proposition 4. Consider the dynamics (11) and assume that it admits a unique invariant distribu-
tion ρs. Then the Kolmogorov operator (12) associated to (11) is self-adjoint in L2(R, ρs) if and only
if J(ρs) = 0, where J is the probability flux (14).

7



Proof. Consider f, h ∈ H1(Rd, ρs)

〈Lf, h〉ρs =

∫
Rd

L(f)hρsdx

=

∫
Rd

(b · ∇f + ∆f)hρsdx

=

∫
Rd

(b · ∇fhρs + ∆fhρs)dx

(integration by parts) =

∫
Rd

(b · ∇fhρs −∇f · ∇(hρs))dx

=

∫
Rd

(b · ∇fhρs −∇f · ∇hρs −∇f · ∇ρsh)dx

=

∫
Rd

(−J(ρs) · ∇fh−∇f · ∇hρs)dx

(integration by parts ) =

∫
Rd

(J(ρs) · ∇hf −∇f · ∇hρs)dx

= −〈∇h,∇f〉ρs + 〈J(ρs) · ∇hρ−1
s , f〉ρs .

Thus, a sufficient condition for (12) to be self-adjoint is J(ρs) = 0.
This condition is also necessary. To see this, first observe that the second term is antisymmetric in f
and h:

〈J(ρs)∇hρ−1
s , f〉ρs =

∫
Rd

J(ρs)∇hfdx

(integration by parts) =

∫
Rd

∇ · J(ρs)fhdx−
∫
Rd

J(ρs) · ∇fhdx

( ρs is in the kernel of 13) = −
∫
Rd

J(ρs) · ∇fhdx.

Therefore, 〈J(ρs) · ∇hρ−1
s , f〉ρs must be zero, which is true only if J(ρs) = 0.

Therefore, (11) is reversible if and only if the detailed balance condition (15) holds for ρs, i.e.
J(ρs) = 0.
Assuming ρs > 0 on Rd, we can write the invariant distribution as ρs = e−Φ, where Φ = − log ρs is
called a generalized potential. The detailed balance condition then simplifies to:

b = −∇Φ. (16)

To conclude, the dynamics (11) is reversible if and only if its drift is the gradient of a potential.

2.2.1 Perturbed dynamics

Referring again to the dynamics (1) with invariant distribution ψ∞, a natural non-reversible dynamics
whose invariant distribution is still ψ∞ is obtained with b = −∇V + p:

dXp
t = (−∇V (Xp

t ) + p(Xp
t ))dt+

√
2dWt, (17)

where the perturbation p is taken divergence free with respect to ψ∞:

div(pe−V ) = 0. (18)

Indeed, the Fokker-Planck operator associated to (17) is

L∗p(ψ) = div((∇V − p)ψ +∇ψ)

8



and ψ∞ is in its kernel.
The process Xp

t has density ψp(t) for all t, which solves the Fokker-Planck problem:{
∂ψp

∂t = L∗p(ψp) on Ω

ψp(0) = ψp
0 .

(19)

An example of perturbation that satisfies (18) is p = J∇V where J is a constant, antisymmetric
matrix.
It can be proved that introducing a perturbation cannot make the convergence slower:

Proposition 5. Consider ψt, solution of the unperturbed Fokker-Planck problem(5) and ψp
t solution

of (19) given the divergence free perturbation p as in (18). If the stationary distribution ψ∞ satisfies
the Poincaré inequality with constant λ, then

‖ψp
t − ψ∞‖L2(ψ−1

∞ ) ≤ e
−λt‖ψp

0 − ψ∞‖L2(ψ−1
∞ ) ∀t (20)

Proof. The result in proposition 3 can be replicated.

While in the reversible case the optimal constant λ could be identified with the spectral gap of the
Fokker-Planck (or Kolmogorov) operator, in this case establishing an analogous result is not trivial
(also observe that the Kolmogorov and Fokker-Planck operator are not self-adjoint for p 6= 0, therefore
they may not even have real eigenvalues). In view of proposition 5, an estimate similar to (10) can be
postulated:

‖ψp
t − ψ∞‖L2(ψ−1

∞ ) ≤ C(V,p)e−λ̄t‖ψp
0 − ψ∞‖L2(ψ−1

∞ ) ∀t ≥ 0 (21)

where C(V,p) > 1 and λ̄ ≥ λ (λ being the spectral gap of the unperturbed Kolmogorov operator L
(3)).
In this case, an obvious but not trivial question is how to characterize the maximum λ̄ for which (21)
holds.
Finally, observe that in this case the rate of convergence also depends on the multiplicative constant
C (which actually depends on V and p). Also this quantity has no simple relation with the spectrum
of L or L∗.

3 Maximizing the rate of convergence

The aim of the present work is to study the acceleration of the convergence of (17) induced by a per-
turbation p satisfying the divergence-free condition (18). Clearly, we would like to find a perturbation
p that maximizes the rate of convergence. This task is not trivial for several reasons. Firstly, as
remarked at the end of the previous section, there is no simple relation between rate of convergence
and spectral gap of Lp. We can however follow [8] and conjecture that a good indicator of the rate of
convergence to equilibrium is the real part of the eigenvalue of Lp with smallest real part:

λ(p) = Re
(

argminµ∈σ(Lp)\{0}|Re(µ)|
)

(22)

where σ(L) denotes the set of the eigenvalues of the differential operator L.
Moreover, consider that attempting to simply maximize λ(p) by choosing a perturbation p ∈ P (P
being the set of divergence free perturbations as in (18)):

λ(popt) = max
p∈P

λ(p)

may not be an effective strategy as at the same time the constant C(V,p) may ”blow up”.
There are cases in which the set of optimal perturbations can be characterized. An example is the one
of the quadratic potential. Moreover, in this case the quantity (22) determines the rate of convergence.
We present some results about this case in the next section.

9



3.1 An example with the quadratic potential

In this section we present some results from [3]. Consider the case of the quadratic potential:

V (x) :=
1

2
xTSx ∀x ∈ Rn (S ∈ Rd×d symmetric positive definite),

the class of divergence-free perturbation p ∈ P := {J∇V : J ∈ Ad(R)} (Ad(R) is the set of antisym-
metric matrices in Rd×d) and defined BJ := (I +J)S. As ∇V (x) = Sx, the unperturbed Kolmogorov
and Fokker-Planck operators reads

L = −(Sx) · ∇+ ∆, L∗ =∇ · ((Sx) ·+∇),

where by Sx we denote the linear operator on Rd induced by S, while their perturbed (p = J∇V = JS)
counterparts read:

LJ = −(BJx) · ∇+ ∆, L∗J =∇ · ((BJx) ·+∇).

In this case there exists an algorithm to build an optimal perturbation popt = JoptS (see [3, figure 1]
for the pseudocode). Moreover, the convergence estimate (21) can be written as:

‖ψpopt

t − ψ∞‖L2(ψ−1
∞ ) = Cdκ(S)

7
2 e−

Tr(S)
N

t‖ψpopt

0 − ψ∞‖L2(ψ−1
∞ )

where Cd is a constant depending on the dimension of the domain and κ(S) denotes the conditioning
number of S.
Moreover, in this example the optimal rate of convergence λ̄ = Tr(S)

d is actually the spectral gap of
the matrix BJopt:

max
J∈Ad(R)

minRe(σ(BJ) \ {0}) = minRe(σ(BJopt) \ {0}) =
Tr(S)

d
.

Finally, thanks to the following lemma, this quantity is also equal to the spectral gap of L:

max
J∈Ad(R)

minRe(σ(LJ) \ {0}) = minRe(σ(LJopt) \ {0}) =
Tr(S)

d
.

Lemma 2. Given a positive definite matrix B ∈ Rn×n with r distinct eigenvalues {λi}ri=1, the dif-
ferential operator L = −(Bx) · ∇ + ∆ on L2(Rn, ψ∞) (ψ∞ the invariant measure of the dynamics
generated by L) has a spectrum of the following form:

σ(L) =

−
r∑
j=1

njλj , nj ∈ N

 (23)

A proof can be found in [3]

4 Numerical solution of stationary Fokker-Planck problem

As we have seen in section 2.1.1, the kernel of the Fokker-Planck equations can be characterized by (8),
which is a one-dimensional linear space. As the solution of the Fokker-Planck (5) problem is a PDF,

we can we can find a unique solution by imposing
∫
Rd Cψ∞dx = 1 or, equivalently C =

(∫
Rd e

−V dx
)−1

.

Despite the fact that the exact solution is known (indeed, V is given), one may want to verify

numerically that the stationary Fokker-Planck equation is solved by e−V∫
Rd e
−V dx

.

In order to formulate the numerical problem (for example, through finite elements) one has to face
the problem that a direct application of the numerical method is not possible since the domain is
unbounded. Therefore, the analytical problem on Rd has to be ”modeled” with another problem on
a bounded domain (and therefore introducing an ”modelling” error). There are two properties we
would like this model to satisfy:

10



• well posedness;

• its solution converges (in some sense) to the analytical solution of the Fokker-Planck problem in
Rd as the bounded domain is enlarged.

Consider the stationary (unperturbed) Fokker-Planck equation on Ω bounded open set of Rd:{
L∗(ψ) = div(∇V ψ +∇ψ) = 0 on Ω

ψ = 0 on ∂Ω
(24)

The choice of homogeneous Dirichlet boundary conditions intuitively comes from the fact that, since
the solution of the stationary Fokker-Planck equation on Rd ψ∞ ∈ L1(Rd), lim|x|→+∞ ψ∞(x) = 0.

Let us first attempt to prove well posedness.Consider the following theorem (from [10], where a
proof can also be found), which gives sufficient condition for well posedness for elliptic problems with
Dirichlet boundary conditions:

Theorem 2. Consider Ω open bounded set of Rd with piecewise smooth boundary ∂Ω. and the following
elliptic PDE equipped with Dirichlet boundary conditions

−∇ · (σ∇u) + β · ∇u+ µu = f

where f ∈ L2(Ω), σ ∈ [L∞(Ω)]d×d satisfies

∀ξ ∈ Rd
d∑

i,j=1

σijξiξj ≥ σ0‖ξ‖2d a.e. in Ω,

β ∈ [L∞(Ω)]d with ∇ · β ∈ L∞(Ω) and µ ∈ L∞(Ω). Set

p = essinfx∈Ω

(
µ− 1

2
∇ · β

)
and let CΩ be the Poincaré constant of Ω:

∀u ∈ H1
0 (Ω) CΩ‖u‖L2(Ω) ≤ ‖∇u‖L2(Ω). (25)

The problem is well posed if

σ0 +min

(
0,

p

CΩ

)
> 0.

Therefore, in the case considered in this report(f = 0, σ = −I, σ0 = 1, β = −∇V , µ = −∆V ),
the theorem leads to:

p = essinfx∈Ω

(
−∆V − 1

2
∇ · (−∇V )

)
= essinfx∈Ω

(
−1

2
∆V

)
= −1

2
esssupx∈Ω(∆V )

and a sufficient condition for well posedness is:

1 + min

(
0,−esssupx∈Ω∆V

2CΩ

)
> 0

which simplifies to:
esssupx∈Ω∆V < 2CΩ. (26)

Remark 2. Observe that in the case (26) is satisfied, the unique solution of (24) is the identically zero
function. Contrarily, if the condition is not satisfied the problem may be ill posed, and in particular
admit more than one solution.
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To assess whether the theorem can be applied or not, the value of the Poincaré constant is needed.
The following theorem from [9] allows to quantify it (given some hypothesis on the domain Ω):

Theorem 3. If the domain Ω ⊂ Rd is a bounded, convex, Lipschitz domain with diameter d then the
Poincaré constant defined in theorem 2 satisfies: CΩ < π

d .

Therefore, as the diameter of the domain increases (the limit in which we are interested in this
context), the Poincaré constant decreases. Consequently, if ∆V > 0 theorem 2 cannot be used to
grant well posedness.

Loosely speaking, since ψ ≡ 0 is always a solution, we actually want the problem not to have a
unique solution. This way, among the possible solutions we hope to be able to identify one that is also
a PDF. If the potential is confining (2 a solution that is also a PDF can be retrieved by imposing an
integral constraint: ∫

Ω
ψdx = 1 (27)

at the cost of introducing an error in (24) (but fulfilling the boundary condition exactly).
This can be expressed as a constrained minimization problem

Find u ∈ H1
0 (Ω) :

1

2
|a(u, u)|2 = minv

{
1

2
|a(v, v)|2 : v ∈ H1

0 (Ω), v|∂Ω = 0,

∫
Ω
vdx = 1

}
(28)

where a(ψ, v) :=
∫

Ω (−∇ψ · ∇v +∇V · ∇ψv + ∆V ψv) dx is the bilinear form appearing in the weak
formulation of (24).
The problem can be ”unconstrained” as follows:
Find ψ ∈ H1

0 (Ω), λ ∈ R such that{
a(ψ, v) = λ

∫
Ω vdx ∀v ∈ H1

0 (Ω)∫
Ω ψdx = 1

(29)

Problem (29) can be tackled numerically using the finite elements method. Let Vh be a finite dimen-
sional linear subspace of H1

0 (Ω) of dimension N with basis {φi}Ni=1. Then, calling ψh the unknown of

the numerical problem, it exists ψ ∈ RN such that the solution ψh =
∑N

i=1 ψiφi and choosing v = φi
problem (29) can be approximated as:

N∑
j=1

ψja(φj , φi) = λ

∫
Ω
φidx ∀i = 1, ..., N

N∑
j=1

ψi

∫
Ω
φidx = 1

(30)

or, in matrix form: (
A b

bT 0

)(
ψ
λ

)
=

(
0
1

)
(31)

where A ∈ RN×N , (A)i,j = a(φj , φi), b ∈ RN , bi =
∫

Ω φidx and 0 is the zero vector of RN .
To summarize, by truncating the domain (and imposing boundary conditions) and introducing an error
due to the Lagrange multiplier strategy adopted above, a ”modelling” error is made. In addition, a
numerical error is introduced by the finite elements approximation. Calling ψ the analytical solution
on Rd, ψm the analytical model of the solution (i.e. solution of (29) on Ω) and ψh the numerical
solution we have the error splitting in ”modelling error” and ”numerical error”:

‖ψ − ψh‖L2(Rd) ≤ ‖ψ − ψm‖L2(Rd) + ‖ψm − ψh‖L2(Ω) (32)

where in the first term of the right hand side ψm is extended with the identically zero function outside
Ω. Finally, observe that the second term can be identified through basic finite elements analysis as a
O(hm+1) where m is the order of finite elements used.
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5 Numerical eigenvalue problems

To tackle the research of eigenvalues of the operators L and L∗ numerically we first formulate the
analytical eigenvalue problems as:

Find λ ∈ R,v ∈ L2(Ω, ψ∞) :

{
Lv = λv in Ω
∂nv = 0 on ∂Ω

(33)

and

Find λ ∈ R,v ∈ L2(Ω, ψ−1
∞ ) :

{
L∗v = λv in Ω
v = 0 on ∂Ω

(34)

where n denotes the outward unit normal vector to ∂Ω and ψ∞ is now the restriction of ψ∞ to Ω.
The choice of boundary conditions can be motivated as follows: as the functions in the kernel of each
operator are the eigenvectors corresponding to the eigenvalue 0, we impose the boundary condition
that apply to those: being ker(L) = R ( see (2.1.1)) we choose homogeneous Neumann boundary
conditions in (33) and begin ker(L∗) = Rψ∞ (see (8)) we choose homogeneous Dirichlet boundary
conditions in (34).
The operators L and L∗ defined on L2(Ω, ψ∞) and L2(Ω, ψ−1

∞ ) are (still) such that:

• L, L∗ are adjoint in L2(Ω);

• L is self-adjoint in L2(Ω, ψ∞);

• L∗ is self-adjoint in L2(Ω, ψ−1
∞ );

• λ is an eigenvalue of L in L2(Ω, ψ∞) iff λ is an eigenvalue of L∗ in L2(Ω, ψ−1
∞ )

As a matter of facts, the derivations obtained in the previous sections (in particular, integrations by
parts) with Rd as domain of definition of the operators can be replicated in this setting thanks to
boundary conditions.

Let us formulate the finite elements approximation of the eigenvalue problem for the Kolmogorov
operator (the case of the Fokker-Planck operator is analogous) following [11] (chapter 7). The weak
for of problem (33) reads:

Find λ ∈ R, u ∈ H1(Ω, ψ∞) : a(u, v) = λ〈u, vψ∞〉L2(Ω) (35)

where

a(u, v) := −
∫

Ω
∇V · ∇uvψ∞dx+

∫
Ω
∇u · ∇vψ∞dx+

∫
Ω
∇u∇ψ∞vdx

is the bilinear form associated to the weak formulation of the Kolmogorov operator. Proceeding as in
section 4, we obtain the generalized eigenvalue problem:

Find λ ∈ R,u ∈ RN :

Au = λBu

where A,B ∈ Rn×n, Ai,j = a(φj , φi), Bi,j =
∫

Ω φjφiψ∞dx.

We wish as well to solve numerically the eigenvalue problems associated to the perturbed Kol-
mogorov and Fokker-Planck operators Lp and L∗p. In this case the situation is more involved. As
mentioned in the previous sections, the operators are not self-adjoint, therefore eigenvalues (and
eigenvectors) may be complex valued quantities. It must however be remarked that the two operators
still share the same eigenvalues, in the sense that λ ∈ C is an eigenvalue of Lp if and only if it is an
eigenvalue of L∗p.
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6 Numerical experiments

In the present section we present implementation and result of the numerical experiments mentioned
in the previous sections. In particular numerical solvers for the following problems are implemented:

• Stationary Fokker-Planck problem;

• eigenvalue problem for Kolmogorov and Fokker-Planck operators;

• unsteady Fokker-Planck problem.

For each of them, we considered three test cases corresponding to the three potentials listed in the
first section:

• Quadratic potential:

V (x) :=
1

2
xTSx with S =

(
1 0
0 1

2

)
; (36)

• Two-wells potential:

V (x) :=
1

4
(x2 − 1)2 +

1

2
y2; (37)

• Three-wells potential:

V (x) := 3e−x
2−(y− 1

3)
2

−3e−x
2−(y− 5

3)
2

−5e−(x−1)2−y2−5e−(x+1)2−y2 +
1

5
x4 +

1

5

(
y − 1

3

)4

. (38)

All numerical solvers are implemented in the programming language FreeFem++ (see [12]).

6.1 Implementation

6.1.1 Stationary Fokker-Planck problem

The finite elements problem derived in section (4) is implemented using P1 finite elements on triangular
meshes on the domains described above and assigned to each potential. We recall that the aim of this
numerical experiment is to asses if an approximation of the invariant distribution can be obtained with
a finite elements solver. Moreover, we wish to assess what is the effect on the accuracy of the solution
of the multiple approximations we have introduced (in particular, the truncation of the domain, the
use of a Lagrange multiplier to impose the integral of the solution and the numerical error). The
linear system arising from the finite elements approximation is solved with the library UMFPACK ([13]),
which is suited for the solution of non-symmetric sparse linear systems. The computational domain
is chosen in such a way that it its boundary corresponds (or at least is close to) an isoline of the
analytical solution on ψ∞. In particular we choose

• for the quadratic potential: an ellipse with semiaxes of length a an b (being a the semiaxis

parallel to x, b the one parallel to y) such that their ration is a
b =

√
S2,2

S1,1
where Si,j are the

entries of the matrix S appearing in (36);

• for the two-wells potential: an ellipse with semiaxes of length a an b (as above) such that their
ration is a

b = 0.7 (this values is determined empirically);

• for the three-wells potential: a square with antipodal vertices (1
2 + a, a), (1

2 − a,−a).

See figure ?? for plots of meshes generated starting from these domains. Observe that meshes for the
quadratic and tow-wells potential lead to a non-conformal finite elements problem.
Each of the following numerical experiments as well are carried out for each test potential on the
assigned domain.
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(a) Mesh for quadratic potential (b) Mesh for two-wells potential (c) Mesh for three-wells potential

Figure 2: Meshes used to carry out numerical experiments using quadratic (a), 2-wells (b) and 3-wells
(c) potential.

6.1.2 Eigenvalue problems

The finite elements approximation of the generalized eigenvalue problems derived in section 5 are
implemented. We remind that the aim of this numerical experiment is primarily to determine what
is the dependence of the spectral gap on the perturbation and in particular to find a perturbation
that leads to the maximum spectral gap (where by spectral gap we always refer to the minimum real
part of the non-zero eigenvalue of Lp). Moreover, these numerical experiments will allow us to verify
numerically other properties of Lp and L∗p such as the fact that they have the same eigenvalues. The
generalized eigenvalue problem that is derived through the finite elements approximation is solved
using the library ARPACK ([14]). The algorithm implemented in this library is the Arnoldi method
for eigenvalue research and is suited to determine few eigenvalues from sparse generalized eigenvalue
problems. The algorithm allows for the choice of a ”shift”, i.e. a complex number in a neighbourhood
of which a given number of eigenvalue should be researched. In the present case, we always compute
the 10 eigenvalues and choose a shift equal to zero, since our aim is to determine the eigenvalue with
smallest non-zero real part.

6.1.3 Unsteady Fokker-Planck problem

The implementation is largely inspired by [15]. The unsteady Fokker-Planck problem is approximated
by P1 finite elements in space and with an explicit Euler scheme in time. Being the time advancing
scheme conditionally stable, care must be taken to use a sufficiently small time-step. As the solution
of the time-dependent Fokker-Planck problem is supposed to be a PDF at every time, at each timestep
we normalize it before advancing. The initial condition as well is a PDF (we choose a second order
polynomial that is zero on the boundary to match the boundary conditions). As for the stationary
problem, the linear system arising at every timestep is solved with UMFPACK. We remind that the aim
of this numerical experiment is to determine the rate of convergence of the solution (as a function of
time) to the stationary state. To do so, we measure the distance with the L2 norm: ‖ψt−ψ̄∞‖L2(Ω,ψ−1

∞ ),

where ψ̄∞ is the numerical solution computed at a final time.

6.2 Results

6.2.1 Stationary Fokker-Planck problem

Results for the three potentials can be seen in figure 3. The numerical solutions are visually similar
to the exact solutions of the problem on R2.

To evaluate the error due to the domain truncation we compute the ”modelling” error ‖ψ −
ψm‖L2(Rd) (as in (32)) by splitting it in ”internal” and ”external” errors:

‖ψ − ψm‖L2(R) = ‖ψ − ψm‖L2(Ω) + ‖ψ‖L2(Rd\Ω) (39)

(we supposed the model solution is extended with the identically zero function on Rd\Ω) and computing
the two terms separately. We use the square potential with a square domain with antipodal vertices
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IsoValue
-0.00639931
0.00319966
0.00959897
0.0159983
0.0223976
0.0287969
0.0351962
0.0415955
0.0479948
0.0543941
0.0607935
0.0671928
0.0735921
0.0799914
0.0863907
0.09279
0.0991893
0.105589
0.111988
0.127986

radius: 4; resolution: 100

(a) Solution with quadratic poten-
tial

IsoValue
-0.00690468
0.00345234
0.010357
0.0172617
0.0241664
0.031071
0.0379757
0.0448804
0.0517851
0.0586898
0.0655944
0.0724991
0.0794038
0.0863085
0.0932131
0.100118
0.107022
0.113927
0.120832
0.138094

radius: 5; resolution: 100

(b) Solution with two-wells poten-
tial

IsoValue
-0.0304267
0.0152134
0.0456401
0.0760668
0.106494
0.13692
0.167347
0.197774
0.2282
0.258627
0.289054
0.319481
0.349907
0.380334
0.410761
0.441187
0.471614
0.502041
0.532468
0.608534

radius: 2.5; resolution: 100

(c) Solution with three-wells poten-
tial

Figure 3: Numerical solutions of the stationary Fokker-Planck equation for the quadratic (a), 2-wells
(b) and 3-wells (c) potentials.
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Figure 4: Modelling error for various domain dimensions as a sum of internal and external error (a)
and numerical error for various mesh spacings (b). Both are computed using the quadratic potential
on a square structured mesh with antipodal vertices (−a, a) and (a, a).

(−a, a) and a, a) and let a > 0 vary. The first term of (39) is computed by first computing an
approximation of ψm on a fine mesh, then the exact solution ψ is restricted to Ω and projected in
the P1 finite elements space of the approximation of ψm, finally the L2 error is computed numerically
if FreeFem++. The ”external error” is computed with a high order quadrature formula of Matlab.
Results can be seen in figure 4(a). It can be observed that the external error is always around one
order of magnitude smaller than the internal one. Moreover, both (and therefore the total error)
decrease exponentially as the size of the mesh is increased.

As for the numerical error, ‖ψm − ψh‖L2(Ω), we find an O(h2) dependence with the mesh spacing
h as expected for P1 finite elements [10] (see figure 4(b)).

Finally, we evaluate the effect of the imposition of the integral constraint by checking the value
of the numerically computed lagrange multiplier λ for different mesh sizes:

radius 3 4 5 6 7 8

λ 2.70 · 10−2 3.39 · 10−3 3.28 · 10−4 2.04 · 10−5 7.60 · 10−7 1.65 · 10−8

These results were obtained using the quadratic potential on the elliptic domain we assigned to it in
the previous section. The mesh spacing was maintained constant in all experiments (despite the fact
that the domain grows) by imposing on the domain’s boundary a number of vertices proportional to
the perimeter of the domain.
It can be seen that the Lagrange multiplier approaches zero exponentially fast as the domain grows.
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Figure 5: Convergence study for finite elements approximations of the generalized eigenvalue problem
for Kolmogorov and Fokker-Planck operators. the quadratic potential is used on the elliptic domain

This result suggests that the the integral constraint becomes less and less restrictive as the size of the
domain grows.

6.2.2 Eigenvalue problems

Firstly, we verify some properties regarding the spectrum of the unperturbed Kolmogorov and Fokker-
Planck operators L0, L∗0, in particular that their eigenvalues are real, negative and identical. This is
done using the quadratic potential (36) on the elliptic domain. The Kolmogorov operator seems to
approximate the eigenvalues more accurately.
To confirm this observation we carry out a convergence study of the spectral gap with respect to the
mesh spacing h for the two problems. The error can be computed exactly since the exact spectral gap
is known to be λ = 0.5 (see section 3.1). Results are presented in figure 5 where it can be seen that
both numerical approximations are O(h2) (as expected for P1 finite elements [11]) but the error using
the Kolmogorov operator is smaller. The same behaviour can be observed for the other potentials (we
do not present the results here).

From this observation, since Kolmogorov and Fokker-Planck operators have the same eigenvalues,
from now on we will compute the spectral gap using the Kolmogorov operator.

We present a study on the dependence of the spectral gap on the perturbation. We recall that the

perturbation is in the form J∇V where J =

(
a 0
0 −a

)
with a ∈ R. Therefore the set of perturbations

is a one-dimensional linear space. We can therefore produce some graphs of the spectral gap as a
function of the parameter a. Examples of these graphs can be seen in figure 6 (where we plot the
opposite of the smallest non-zero real part of the eigenvalue as well as its modulus for the three test
potentials on the same domain listed above.

Some general observations can be made for all three potentials: both spectral gap and modulus
are convex and symmetric (this is the reason why in some cases we plot only for a > 0 or only with
few negative values) with respect to the independent variable a. Moreover, as expected, the minimum
is always in a = 0.

As for the quadratic potential, the theoretical results presented in section 3.1 seems to be realized.
In particular, λ(0) = 0.5 and the maximum spectral gap is λopt = 0.75 = Tr(S)

2 . The maximum
non-zero real part eigenvalue is real for |a| ≤ 0.35, while for the other values it has non-zero imaginary
part, the real part is constant and the modulus increases indefinitely as a linear function of slope
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(a) Spectral gap for quadratic potential
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(b) Spectral gap for two-wells potential
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(c) Spectral gap for three-wells potential
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Figure 6: Spectral gap as a function of the perturbation parameter a for the quadratic (a), two-wells
(b) and three-wells (c) potentials. In (d) we can see a close-up of the values for the two-wells potential
around a = 0.
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∼= 0.67 as a → +∞ (and symmetrically for a → −∞). Both real part and modulus, as a function of
a, look differentiable for all a except |a| ∼= 0.355, where they seem only Lipschitz.

As for the two-wells potential, the (minimum) spectral gap is λ(0) ∼= 0.79, it seems not to have a
maximum, while the supremum is about 4.2 (attained in the limit |a| → +∞). The smallest non-zero
real part eigenvalue is real for |a| < 0.13 and |a| > 11.1, while it has non-zero imaginary part for other
values. The function Re(λ)(a) appears differentiable everywhere except for the values |a| = 0.13,
where it seems only Lipschitz, and |a| = 11.1, where, surprisingly, it seems discontinuous.

As for the three-wells potential, all eigenvalues are real. The minimum is λ(0) ∼= 0.4, the maximum
seems not to be attained and the supremum is about 3. The function seems differentiable everywhere.

6.2.3 Unsteady Fokker-Planck problem

The time-dependent Fokker-Planck equation seems to converge to the numerical the solution of the
stationary problem, which in turn has been proven (at least numerically) to converge to the analytical
solution of the problem as the mesh is refined and the domain enlarged.

As for the rate of convergence to the stationary state, results can be seen in figure 7. The rate of
convergence to the stationary solution is, in all three cases, described fairly accurately by the spectral
gap of the corresponding Kolmogorov operator. Moreover, it can be clearly seen that the solution
reaches the stationary state faster if a perturbation is applied. The reduction of this time is quite
dramatic when the optimal perturbation is applied. we recall the distance from the stationary state
is measured as ‖ψt − ψ∞‖L2(ψ−1

∞ ). As for the case of the quadratic potential, the following table lists

times to convergence (within a tolerance) for various perturbations:

perturbation a 0 0.1 0.35 1

time to convergence 42.65 42.18 32.69 30.68

It can be seen that for the perturbation given by a = 1 (the only one for which the minimum non-zero
real part eigenvalue has a non-zero imaginary part) the distance to the stationary solution has an
oscillatory behaviour. This does not happen for the similar cases for the two-wells potential.

As for the case of the two-wells potential, the following table lists time to convergence (within a
tolerance) for various perturbations:

perturbation a 0 0.14 8 20

time to convergence 30.08 29.10 8.08 7.66

As for the case of the three-wells potential, the following table lists time to convergence (within a
tolerance) for various perturbations:

perturbation a 0 10 50 80

time to convergence 55.8 16.44 10.6 9.72

7 Conclusions

As for the stationary Fokker-Plank problem, we have observed that the approximations we have
introduced (in particular, the domain truncation, the introduction of a Lagrange multiplier and the
numerical approximation) cause an error on the solution. However, we have also verified (at least
numerically for the quadratic potential) that this error vanishes as the domain is enlarged and the
mesh spacing is reduced. This result leads us to think that the same holds for the other problems
presented here (eigenvalue problems and unsteady Fokker-Plank problem). Therefore, the numerical
solutions presented above can also be considered reliable.

We have verified that there is actually a tight link between the spectral gap of the perturbed
Kolmogorov operator and the rate of convergence to a stationary state of the associate Fokker-Plank
equation. Indeed, it is proven (see [2] or section 3.1 where we report the results) that in the case
of the (perturbed or not) quadratic potential the spectral gap (that we defined as the real part of
the minimum non-zero real part eigenvalue) describes the rate of convergence to equilibrium of the
dynamics. In addition, we verified this fact numerically with high accuracy. As for the other test cases
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Figure 7: Distance from the stationary state of the solution of the time-dependent Fokker-Planck
equation as a function of time. Results for the quadratic (a), two-wells (b) and three-wells (c) potentials
are presented.
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(two and three-wells potentials), in which no analytical result is known, we also achieved good results,
as also in these cases the spectral gap predicts accurately the rate of convergence to equilibrium of the
related dynamics. In particular, the cases of the perturbed dynamics for these two potentials deserve
special attention. As a matter of facts, in section 2.2.1 (and 3) we assume that the spectral gap is a
good estimator of the rate of convergence to equilibrium of the dynamics (following [8]), despite the
fact that no analytical result is available in these cases. What we find from numerical experiments is
that the link between the two quantities is as tight as in the case of the quadratic potential. Moreover,
the fact that in the case of the quadratic potential theoretical and numerical results coincide with a
high accuracy leads us once more to think that these numerical results are not biased by systematic
”modelling” errors (e.g. domain truncation).

The three test cases we have considered suggest that the optimal spectral gap is achieved for
”large” perturbations (e.g. for |a| > 0.35 for the quadratic potential) or even only asymptotically
(for two and three-wells potentials). As a matter of facts, in all three test cases the spectral gap as a
function of the ”magnitude”of the perturbation is a convex function. Since maximizing the spectral
gap (and therefore the rate of convergence of the dynamics) is what we aim at, it would be important
to find out how general these properties are.

Finally, we have observed that the choice of an optimal perturbation can lead to a dramatic
acceleration of the diffusion. For instance, choosing a (close to) optimal perturbation for the thee-
wells potential leads the dynamics to convergence in less than one fifth of the time taken by the
unperturbed diffusion. These results may lead to interesting applications, for instance acceleration of
the Markov Chain Monte Carlo algorithm.

8 Outlook

The work presented in this report can be extended and improved in many ways.
As for the theory, it should be possible to prove analytically that enlarging the domain of the

problem (for instance stationary Fokker-Plank) the solution converges to the solution on Rd. Other
important developments may come from the study of the spectral properties of the Kolmogorov op-
erator perturbed with a divergence-free function (e.g. the asymptotic behaviour as done in [17]). As
mentioned above, the test cases considered in this context suggest that relatively ”large” perturba-
tions are needed to achieve an optimal spectral gap (or, as for instance for the three and two-wells
potentials, the optimum can be reached only asymptotically). A final theoretical possible development
(possibly the most relevant of this work) is to prove that the rate of convergence to equilibrium of the
dynamics is given by the spectral gap also for the perturbed (therefore non-self adjoint) dynamics.
This is in facts the result we obtain in numerical experiments. However, it may be wise to evaluate
other test cases (i.e. potentials) first.

As for the numerical methods, other, more effective boundary conditions may be employed in
order to better approximate the unbounded problem on a bounded domain and therefore avoid the
necessity to enlarge the domain (and therefore the complexity) of the numerical problem in order to
reduce ”modelling” errors. Regarding the methods we have used here to approximate the stationary
Fokker-Plank equation, it may be desirable to also enforce a positivity constraint on the solution
(despite the fact that the imposition of the integral of the solution alone leads to strictly positive
solutions). Another possible development may come from the use of spectral methods rather than
the finite elements methods as we have done here. Indeed, employing spectral methods removes the
problem of approximating the domain with a bounded sets. Finally, multidimensional perturbations
can be considered to get closer to applications in chemistry, statistical physics and statistics.

Finally several applications of the concepts presented here can be mentioned. The acceleration of
the Markov Chain Monte Carlo algorithm is an example. Another aspect of the problem that can
be tackled is how to efficiently find an optimal perturbation. Clearly, this can be viewed as an opti-
mization problem. Due to the regularity of the spectral gap as a function of the perturbation (even
for the simple examples considered here it presents discontinuities and point of non-differentiability)
gradient based methods are unlikely to be an effective way to find a solution. Therefore, one is likely
to have to rely on global gradient-free optimization methods such as the golden-search method (for
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one-dimensional perturbations only) or simulated annealing (see [16]).
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